Abstract -Regarding the three dimensional nature of type-2 fuzzy sets their related operations are costly, in terms of time and computation, which is one of the main burdens among the popularity of type-2 fuzzy sets. In this paper we will provide a novel method for performing type-2 fuzzy set operations. We will prove that the operations would be simply performed based on the hyperplane of the highest degree of intersection of two type-1 fuzzy sets.
I. INTRODUCTION Dr. Mendel has mentioned in [3], "The original FL, funded by Lotfi Zadeh,[…] is unable to handle uncertainties. By handle, I mean to model and minimize the effect of. … The expanded FL -type-2 FL-is able to handle uncertainties because it can model them and minimize their effect".
Moreover in [4] he has demonstrated that using type-1 fuzzy sets to model words is scientifically incorrect. By the way type-2 fuzzy set theory has not received the attention it deserves from researchers, given that it provides an enhanced framework to understand and replicate the dynamics of the human decision making processes. Furthermore, type-2 fuzzy set theory is not used as it should by practitioners; perhaps this is due to the intrinsic complexity of the two dimensional space of type-1 fuzzy set theory being extended to three dimensions. However, most probably the reason lies in the fact that little effort has been spent by researchers in developing its theory, as it is demonstrated by the fact that proposed operations are not so efficient and comprehensible as they should be in order to be adopted in real-world applications.
To be sure, type-2 fuzzy sets provide more power and functionality; consequently, it is reasonable that practitioners should expect to pay for that additional power. To-date type-2 fuzzy sets are not that used in fuzzy logic systems mainly due to their underlying computational complexity [9] , rather interval type-2 fuzzy sets are used. But Interval type-2 fuzzy sets may handle first-order uncertainties while general type-2 fuzzy sets can handle first and second order uncertainties [6] .
In [11] we have discussed approximating binary operations on type-2 fuzzy sets based on the highest degree of separation and using type-1 intersection and algebraic difference. However in this paper we will provide algorithms that binary type-2 fuzzy set operations union and intersection on two type-2 fuzzy sets would be efficiently performed based on the hyperplane of highest degree of intersection of two type-1 fuzzy sets, given the type-2 fuzzy sets are convex and not essentially normal.
II. PRELIMINARIES AND NOTATIONS
A fuzzy set A in universe of discourse U is characterized by a membership function :
, and would be denoted as ( )
when U is discrete or continuous respectively. The support of fuzzy set A is defined to be { | ( ) 0} Fuzzy set A is said to be convex if all its α-level sets are convex sets or, equivalently,
Ordinary convex sets A and B are said to be disjoint if there exists hyperplane H such that A is on one side of H and B is on the other side. But since the condition is too restrictive in the case of fuzzy sets, Zadeh has extended the separation theorem to convex fuzzy sets in [12] as the highest degree of separation of two convex fuzzy sets A and B in n E that can be achieved with a hyperplane in n E is 1 ()
which can also be achieved with a hyperplane in n E that is not necessarily equal to the highest degree of separation hyperplane. One of the most important results in the field of fuzzy set theory is the extension principle that allows one to fuzzify any mathematical theory. In brief, let f be a mapping from U to V and A be a fuzzy subset of U defined as ( )
. The extension principle states that
, which is a fuzzy subset in V.
III. TYPE-2 FUZZY SET
Zadeh in [13] has defined a fuzzy set to be of type-n, n=2,3,…,n if its membership function ranges over fuzzy set of type n-1, however the membership function of type-1 ranges over [0, 1] . Consequently, a fuzzy set of type-2 A in a set U is the fuzzy set which is characterized by a fuzzy membership function : [10] .
Formally, a discrete type-2 fuzzy set A can be denoted extensively as
, where [7, 9] . The DOU identifies the region of primary membership degrees but it does not say anything about the strength of each membership degree. However if the type-2 fuzzy set is continuous with naturally ordered primary variable then the region is called Footprint of Uncertainty (FOU). However we use DOU and FOU interchangeably. Before continuing, we observe that type-1 fuzzy sets are a special case of type-2 fuzzy sets, where, for all u∈U, the set of primary membership degrees, namely ∑ . Based on Zadeh's extension principle the membership grades for union and intersection of A and B would be: 
which is contradiction to the fact that highest degree of intersection is attained at H . ■ Theorem 4: Given 1 F and 2 F be defined as in theorem 1, then using max t-conorm and min t-norm, the join of 1 F and In this paper first, we simply introduced the concept of type-2 fuzzy sets and by showing the (discrete) type-2 fuzzy sets in a table format the exclusive terms of type-2 fuzzy sets are made easier to understand. Then we proved that type-2 fuzzy set operations would be more efficiently calculated based on the hyperplane of highest degree of intersection of two type-1 fuzzy sets. The only restriction was the convexity of the participating type-1 fuzzy sets. Comparing the proposed algorithm with those proposed by Karnik and Mendel in [2] and Duboid and Prade [1] reveals that our algorithm is also a one pass algorithm but relies only one decision point which is at the hyperplane of highest degree of the intersection of the two participant type-1 fuzzy set. Moreover, for the case of convex fuzzy sets this method is even more efficient than the approximated method introduced in [11] .
